Introduction
Let Z be the set of all integers. For a subset D of Z, the distance graph G(Z; D) is the graph with vertex set Z in which two vertices x; y are adjacent if jx?yj 2 D. Distance graphs were introduced and studied by Eggleton, Erd os and Skilton 4]. They were motivated by the well known plane colouring problem: What is the least number of colours which can be used to colour all points of the Euclidean plane so that vertices of unit distance are coloured with distinct colours. Moser and Moser 8] showed that four colours are necessary, and Hadwiger, Debrunner and Klee 7] showed that seven colours are su cient. Essentially no further progress has been made on the problem. The plane colouring problem is naturally generalized to higher dimension spaces. The gap between the known upper and lower bounds of the corresponding chromatic number increases as the dimension increases 3]. On the other hand, the corresponding problem for one dimensional space, i.e., for the real line, is trivial. It is easy to see that this problem is equivalent to nd the chromatic number of the distance graph G(Z; D) for which jDj = 1. Obviously, (G(Z; D)) = In this paper we also study the chromatic number of graphs G(Z; 
A general colouring method
We present in this section a general colouring method which will be used in the next two sections. The colouring is indeed very simple. The idea is to colour the whole real line R instead of colouring only the integers Z. This makes the colouring easier and clearer. Some complicated colouring rules used in other papers can be very simply described by this method. Let r > 0 be a real number. We partition the real line R into half open intervals I i of length r, where I i = ir; (i + 1)r) (i = 0; 1; ; ). Then we call the colouring which colours the ith interval with colour i(modn) the r periodic n-colouring of R.
Theorem 1 Suppose D = fa; b; cg and a < b < c. If there are three integers n 1 ; n 2 ; n 3 such that n i 2(mod3), and (n 1 ?1)=a; n 1 =a]\ (n 2 ?1)=b; n 2 =b]\ (n 3 ? 1)=c; n 3 =c] 6 = , then (G(Z; D)) 3. Proof. Suppose t 2 (n 1 ? 1)=a; n 1 =a] \ (n 2 ? 1)=b; n 2 =b] \ (n 3 ? 1)=c; n 3 =c] and n i 2(mod3) for i = 1; 2; 3. Let r = 1=t. We shall show that the r periodic 3-colouring f is a proper 3-colouring of G. Let i; j 2 V (G) for which i j. Suppose i < j. Then j ? i 2 fa; b; cg. Without loss of generality, we may assume that j ? i = a. Since t = 1=r 2 (n 1 ? 1)=a; n 1 =a], we have n 1 ? 1 a=r n 1 . It follows from the de nition of r periodic 3-colouring that f(j) ? f(i) is equivalent to either ba=rc or da=re(mod3). Therefore f(i) 6 = f(j).
Corollary 1 Suppose D = fa; b; cg and a < b < c. If there exist integers k 6 0(mod3) and p; q 2(mod3) such that p ? 1 bk=c p and q ? 1 ak=c q, then (G(Z; D)) 3. Proof. Suppose k; p; q are integers such that k 6 0(mod3), p; q 2(mod3) and p ? 1 bk=c p and q ? 1 ak=c q. Let n 1 = q; n 2 = p and let n 3 = k or k ? 1 whichever is equivalent to 2(mod3). It is straight forward to verify that the conditions of Theorem 1 are satis ed.
We shall show in the remaining part of this paper that many graphs G(Z; D) can be 3-coloured as described in Theorem 1, by proving the existence of the parameters k; p and q. It may be true that all graphs G(Z; D)
for which jDj = 3 and (G) = 3 can be coloured by the general colouring method of Theorem 1. The di culties lie in the establishment of the existence of the parameters n 1 ; n 2 ; n 3 . We rst derive some easy results in the this section to illustrate the ideas. We note that in the proof of Corollary 3, we concluded that a certain interval contains an integer k for which k 6 0(mod3) by using the fact that the speci ed interval(s) has length at least 2. All the requirements on the integers a; b; c are used to derive the fact that this certain interval(s) has length at least 2. However, having length at least 2 is certainly not a necessary condition for an interval to contain an integer k for which k 6 0(mod3). In the next section we shall use the structure of the appropriate families of intervals to establish the existence of the parameters k; p; q which satisfy the condition of Corollary 1.
3 The case that b is a multiple of a
In this section, we consider the case that b is a multiple of a. We Proof. Since gcd(a; b; c) = 1 and ajb, we know that gcd(a; c) = 1. Suppose c = ka + r where 0 < r < a. Then gcd(a; r) = 1. For i = 0; 1; ; a ? 1, let t i be the integer for which 0 t i a ? 1 and t i ir(moda). Since gcd(a; r) = 1, we conclude that ft 0 ; t 1 ; ; t a?1 g = f0; 1; 2; ; a ? 1g. We de ne a colouring f : ft 0 ; t 1 ; ; t a?1 g 7 ! f0; 1; 2g as follows: First let f(t 0 ) = 0. For j = 1; 2; 3; ; a ? 1, we de ne f(t j ) recursively so that f(t j ) f(t j?1 )+1?(c?t j +t j?1 )=a(mod3). Note that c?t j +t j?1 c?jr+(j?1)r c?r 0(moda). Indeed, it is not di cult to see that t j?1 ?t j = ?r or a?r, depending on whether t j > t j?1 or t j < t j?1 . Thus (c ? t j + t j?1 )=a is equal to either k or k + 1, depending on whether t j > t j?1 or t j < t j?1 . Now we extend f to a colouring of Z as follows: For any n 2 Z, let i 2 f0; 1; 2; ; a ? 1g = ft 0 ; t 1 ; ; t a?1 g be the unique integer for which n ? i 0(moda). Then we de ne f(n) 2 f0; 1; 2g so that f(n) f(i) + (n ? i)=a(mod3). We shall show that f is a proper 3-colouring of G. We assume to the contrary that the claim is false, i.e., all integers contained in the intervals I i (i = 0; 1; ; m We now prove that under the assumption that the claim is false, the statements P(j) hold for j = 1; 2; ; m 3 ?1. We shall prove this by induction on j. . Thus the statement is true for j. Let 
